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SUMMARY

The resolution of the Saint-Venant equations for modelling shock phenomena in open-channel flow by
using the second-order central schemes of Nessyahu and Tadmor (NT) and Kurganov and Tadmor (KT)
is presented. The performances of the two schemes that we have extended to the non-homogeneous case
and that of the classical first-order Lax—Friedrichs (LF) scheme in predicting dam-break and hydraulic
jumps in rectangular open channels are investigated on the basis of different numerical and physical
conditions. The efficiency and robustness of the schemes are tested by comparing model results with
analytical or experimental solutions. Copyright © 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Correctly representing and simulating shock phenomena involves considerable difficulties
but is of primary interest in hydraulic engineering as well as in other applied mathematical
analysis.

Assuming the shock phenomena in open-channel flow to be appropriately described by the
non-linear set of hyperbolic Saint-Venant equations, past scientific contributions in this field
have been concerned with the schemes for the numerical integration of these equations, and
in particular with the so called shock-capturing schemes [1].

Many of these schemes use the Godunov approach [2], for which each time-step consists
of three stages: reconstruction, evolution and projection. With regard to the evolution stage,
we distinguish in the scientific literature between upwind and central Godunov-type schemes.
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842 G. GOTTARDI AND M. VENUTELLI

Upwind schemes sample the reconstructed values at the mid-cells, whereas, central schemes
are based on staggered sampling at the interfacing break-points. Central schemes present the
principal advantage of simplicity in that no approximate Riemann solvers are involved in their
construction.

The first-order Lax—Friedrichs (LF) scheme [3,4] is the forerunner of all the central
schemes, but its great numerical dissipation limits its use for modelling shock conditions.
A second-order extension of the LF scheme is presented in the Nessyahu—Tadmor (NT)
scheme [5]. In this model, the first-order piecewise constant solution of the LF scheme is
replaced by a MUSCL-type second-order piecewise linear approximation. As the complete
Saint-Venant equations contain a source term, we present a formulation of the NT scheme
for the non-homogeneous case. Recently, a new second-order Kurganov—Tadmor (KT) cen-
tral scheme has been introduced for solving homogeneous convection and convection—diffusion
equations [6]. In this scheme the evolution stage is performed by integrating over non-uniform
control volumes (cells), whose sizes are proportional to the local speeds of the propagation
of the wave. The evolved solution, after an additional reconstruction, is then projected back
onto the original grid.

In this paper, we have extended this central scheme also to the non-homogeneous case. The
integration in time of this scheme has been obtained by using a third-order TVD Runge—Kutta
method. The simplicity of application and the accuracy of the solutions of the NT and KT
central schemes in simulating shocks in open channel flows, by using Saint-Venant equations,
are presented. These test cases present the results of simulations regarding dam-break and
hydraulic jump phenomena.

The paper is organized as follows. In Section 2 we recall the set of Saint-Venant equations
governing unsteady open-channel flow. In Section 3 we recall the philosophy of Godunov-type
central schemes, the first-order LF scheme, the second-order NT schemes, and the first- and
second-order fully discrete and semi-discrete KT schemes. In Section 4 we present a series
of numerical simulations of dam-break and hydraulic jump tests cases, implemented by the
schemes of Section 3. Conclusions of this work are drawn in Section 5.

2. GOVERNING EQUATIONS

The mathematical basis of one-dimensional unsteady open-channel flow is governed by Saint—
Venant equations. The set of partial differential, continuity and momentum equations, can be
written in the following form [7],

o4 00
+ == =0 (1a)

00 0/[0 B
at—ﬁ—ax(A'f'gll)—gIZ‘f'gA(SOSf) (1b)

here, 4 =A(x,t) is the wetted cross-sectional area, Q = Q(x,?) the discharge, x is the spatial
co-ordinate, assumed positive along the flow direction, ¢ is the time, g the acceleration due
to gravity, Sy is the bed slope, and S¢ the friction slope. Applying, for its evaluation, the
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Manning’s formula, we have

_ m 0|0

= 42R4

in which n, (m~!°s) is the roughness coefficient and R the hydraulic radius.

In Equation (1b), the term /; represents the hydrostatic pressure force term, while I, rep-
resents the pressure force due to longitudinal width variations which are expressed as

h(x,t) h(x,t) ob X,
= [ -mpenan b= [ o@D 4
0 0 X

St

—1/3

where / is the water depth, 1 is the depth integration variable along the vertical axis, b
is the width of the cross section such that b(x, %)= B(x)=free surface width. In rectangular
channels with width B, we obtain [} = %AZ/B and I, =0. It is possible to write the set of
Equations (1) in the following compact vectorial form

Wi+ fr(w) =z(w) (2)

here, w, :=ow/ot, f,:=0f/0x, and w, f, and z are, respectively, the conserved variable, the
flux function, and the forcing term, expressed in this case by the following two component

vectors:

[A 9, 0 ] &)

w = , = Q A =
. hialll A(Sy — S

0 1 +ng gA(So )
The Jacobian matrix J = ¢ f/0w of this system is

io| 4o ol =] )

B g 4_& 2 2= -’ 2u
B 4 A

where u= (/4 is the mean velocity and ¢ =(g4/B)"? is the celerity. The eigenvalues of J
are

Ja=uzfc (5a,b)

For width B=1, the vectors (3), may be written in the form

B h B hu B 0 6
Lo P /= huz—l-%ghz AT gh(So — S¢) ()

The set of Equations (2) are completed by the initial conditions w(x,z=0)=wy(x) and by
appropriate boundary conditions.

3. CENTRAL SCHEMES

The double integration in space and time over the rectangle I, x [t,# + Atf] of the set of
hyperbolic Equations (2), with [, :=[x — Ax/2,x + Ax/2], Ax and At being the space and
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time steps, respectively, gives

w(x, t + At) =w(x,t) — Aix l/tt+Atf<w(x+ Azxt)> dt/tt+Atf(w<x Azx,t)>dz]

1 t+At x+%
+B/ / Ax z(w(x, t))dxdt (7)
t X—T
where

v(x,t):= ! X+Tx t)yd
w(x, )'_E/X,M w(x,t)dx
indicates the sliding average of w(-,¢). Equation (7) is the starting point of Godunov-type
general schemes for the integration of the set of Equations (2).
Now, if we construct a piecewise approximation v(-,¢) of w(-,¢), at the discrete time level
t" =nAt, in the form

w(x, t") ~ v(x, t”):ij"(x)l]j (8)
j

Here, {p}'} are algebraic polynomials supported in the discrete cells /; :=[x;_1/2,X;412] with
cell boundaries in the points x;_, :=(j — %)Ax and x40 :=(j + %)Ax, and 1; is a function
which equals one inside the discrete cell /; and zero outside ;. The {p/'} polynomials are
centred around the midpoints x; = jAx so, in the cell interval [;, we have Di(x) =w(x;,1").
The time evolution of the piecewise approximation v(x,¢"), on the basis of (7), reads

tzH»l tn+l

(el o o))

xwL%
/ o z(v(x.0)dxde )
x—5"

o(x, ") = b(x, ") — ﬁ l/

1 t)H»I
T Ax /

To construct a Godunov-type scheme, we apply (9) at discrete grid points. Here we distinguish
between two main methods, corresponding, respectively, to the upwind and central schemes,
according to the way of sampling Equation (9). The upwind schemes are obtained by sam-
pling (9) at the mid-cells, x=x;. This method uses non-staggered grids-cells [x;_;/,Xj11/2]
for the evolution step, and must, therefore, rely on the solution of exact or approximate Rie-
mann problem solvers at the grid-cell interfaces, for calculating numerical fluxes. Instead,
the Godunov-type central schemes are based on sampling Equation (9) on the interfacing
breakpoints x =x;,» [8]. For these schemes the space integration is performed on staggered
grid-cells [x;,x;.1]. The evolution scheme obtained in this case is

n+l1 n+l

v} ~n 1 ' ! n
B = — Ay [/ S (Wx0,1)) d — / Sl 0))de| + Gy (10)
" t

n
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in which the staggered averages o', , are given by

- 1 Xj+1/2 \ Xj+1 "
u,-H/z:Ax[/ pedr+ [ pjﬂ(x)dx] (1)

i j+1/2

and the source terms are

o= 5 / [/ ) dx + /xv"]’;z(wx,t))dx] dt (12)

For these staggered methods, differently from the non-staggered methods, the numerical fluxes
are evaluated in smooth regions where no jump discontinuities occur, so Riemann problem
are no longer to be solved. Staggered methods, however, tend to smear out contact disconti-
nuities when small time steps are used. This implies that slowly moving waves will present a
large amount of diffusion. Different schemes are obtained by changing the polynomial repre-
sentation p;(x) of the variables within each grid-cell, i.e. piecewise-constant, piecewise-linear,
piecewise-quadratic, which originate, respectively, first-order, second-order, and third-order
central schemes.

3.1. First-order Lax—Friedrichs (LF) scheme

The first-order LF central scheme [3,4], is obtained from (10) to (12), by using for the
reconstruction step a piecewise constant polynomial form p/(x)=3"=w;" of the variables
within the cell [x;_y, xj;1/2], and by considering constant (i.e. evaluated at time ¢t =nAt) the
fluxes and the forcing terms in the integrals of (10) and (12), respectively. In this way we
obtain

=n+1

%+1/2=%(@"+@ﬂ1)—0[f( W) = f(w ”)]+7[Z(W”)+Z( wii1)] (13)

where 0 = At/Ax is the fixed mesh ratio, and wi = w(x;, 1) =W
The non-staggered cell-average at time ¢!, vT/j”“

bouring staggered cell-averages reads [11]

, obtained as the average of two neigh-

—ntl . +1 — 1 - - -
W,H *(Wn 12T 1n+1/2) (anq + 2an + M}j’zi'l)

A
= ZLFO) = LD + SO+ 22087) + 2007, (14)

Equations (13) and (14) constitute the two-step explicit procedure of the LF central scheme.
The schematic representation of this scheme is given in Figure 1.

3.2. Second-order Nessyahu—Tadmor (NT) scheme

A natural extension of the LF scheme is the second-order NT scheme [5], also defined
by Erbes [9], high-resolution Lax—Friedrichs scheme. For this method, the piecewise-linear
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Figure 1. Lax—Friedrichs scheme.
MUSCL-type approximation [10] on the cell /; := [xj_i;,X;+1/2] is used

pi(x)=w' 4+ (x —x;)(Wy)/s X1 <X<Xjp1p2 (15a)

wx,t") >3 pi(x)ly, (15b)
J

here, p/'(x)=w/"=w/ is the computed cell average and (w,)! indicates an approximation of

the exact derlvatlve wy(x;,t"). A possible computation of (wx)” is given by the family of
discrete derivatives parameterized with 1<6<2; i.e. for any grld function {w;} we set [11]

(w2)j = MM{O(w}" | —w/ )/ Ax, (W' — w1 )/28x, 00w —wi' )/ Ax} (16)
here, MM denotes the MinMod non-linear limiter function, defined as
min;{x;} if x;>0, Vj
MM({x|,x5,...} = ¢ max;{x;} if x;<0, Vj (17)
0 otherwise

The evolution in time of the interpolant (15) over the staggered cells to the next time step,
t"*1, obtained by (10)—(12), gives the following two-step predictor—corrector form of the
NT scheme

n+1/2 _ g S = fwh)
Wyt g - 1 | B

—z(w]) (18)
Wi =3 L)+ 8x[(wx>" W] = oL W) = w2
4 At [z(w”“/2)+z(w+';/+;/2)+z(w1";;/2)+ z(w )] (18b)
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n+1/2 n+1/2

here, the values of w; and w;\,"" are computed by (18a) by using Taylor’s series [5],
and Equation (2), moreover the derlvatlves (wy)f's (wx)ly, are evaluated by (16). The flux
and source terms are considered constant in time and evaluated at time ¢#"*1/2, moreover, we
have assumed the source term, z(w(x,?)), to have a linear behaviour in terms of x inside the
intervals [x;,x;12] and [x;412,X;41]. The left and right values of w at point x;,,,, are

Ax
—n+1/2 +1/2 +1/2
=W S Y (19a)
Ax
1/2 1/2 1/2
Wit =W = e (19b)

where (wx)”“/ ? and (wx)]'fll/2 are evaluated by (16). A different formulation of the source
term, based on the integration in the interval [x;,x;.] inside which a linear behaviour assumed
in terms of x for z, has been presented in Reference [12].

In order to transform the staggered second-order scheme (18b) into a non-staggered scheme,
as a first step, we reconstruct a piecewise-linear interpolant through the calculated staggered

cell-averages at time ¢"*!,
eri—ll/z = -j’i—ll/Z + (wx ,'?:_1/2(3“ — Xj+1/2) (20)

as a second step, the cell-averages at the next time step, vT/j”“, are obtained by averaging this
interpolant, resulting in the following non-staggered corrector scheme [11]

i 1 N +1 TR

=n n n

W=y w' ), dx + Wi, dx
X Xj—1/2

Xj

= 7(w |20+ W) — [(WA i — (i) ]

A
ﬂﬂ%ﬂﬁ%—g

[(wx J"1++11/2 (W )Hl/z]

At n n n
+?[Z(Wj_+11/2)+22(wj 12y 4 (W +1/2)

—n+1/2 +n+1/2 —n+1/2 +n41/2

+2(w, 2y, ) 2w 20 ) 2w ) 2w, )] (21a)
where
n 1 -n n -n —n
(w)f 0 = Ax MMy = W0 W, — W5,) (21b)

Here, MM is the MinMod non-linear limiter defined in (17), and (wx);’jll/2 is obtained by
replacing j+ 1 in place of j in all the RHS terms of (21b). Equations (18a), (18b) and (19)
constitute the three-step explicit procedure of the NT central scheme. A schematic represen-
tation of this scheme is given in Figure 2.
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Figure 2. Nessyahu—Tadmor scheme.

3.3. First- and second-order Kurganov—Tadmor (KT) schemes

In the NT schemes, the length of the spatial cells Ax remains constant in time, whereas,
in the new central schemes KT, proposed by Kurganov and Tadmor [6], for solving the
homogeneous case of (2), the space steps are not constant in time, and their lengths are
computed following the local values of the propagation wave celerities. For each time step
At=1t"! — ¢, the reconstruction is obtained by using the piecewise-linear polynomial of
Equations (15) for the cells Ax;., and Ax; defined by

PR n n P n n
Ax/+|/2'_xj+l/2,r —Xiv12,0 Ax;:= /2,1 — Xj—1/2,r (22a)

where
X1, =X 0 = A p Al X[y =Xy af p AL (22b)

Here, aj; 1> is the maximum value of the propagation celerity of the point x;./, defined by

aj2 = max{p(J (w1 ). P97 5))} (23)

where p(J):= max; |4, in which /; are the eigenvalues of the Jacobian matrix J given by
(5), and the right and left values of w at point x;.,/, are, respectively,

1
W}'-:l/Z =Pl (Gap) =wlh — E(Wx )i Ax (24a)

— n n 1 n
Wiya = P Cgi) =) + 5 ()} Ax (24b)

Here, the approximate derivative (wy); is given by

1
(W)} = Ax MM(w/" —wi_, wii —w') (25)
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For each time step, we start from the following piecewise linear polynomial approximation at
time level t=¢":=nAt

w(x, t") =3 p'()1;,  pi(x)=w'+ (x—x)w)fs Li=x-1,%01] (26)
J

where p/'(x)=w/=w/". By using (10), where for the homogeneous case the source term

G412 =0, we proceed with the exact evaluation of cell averages @/VJ:'/Z, a)f“ at t"*!, based

on the integration over the space intervals [x;, /2,1, Xj+1/2,-], and [x;_1/2 »,Xj11/2,1], respectively.
Moreover, by using the midpoint rule to approximate the flux integrals on RHS of (10), we
obtain [6]

. 1 Xj+1/2,r :

n+l . __ n+

(,0/-+1/2 — Ai/ W(x,t )dx
Xj+1/2 Xiy1/2,1

n n o n
Wi+ Wiy Ax A1

At
= L = T () = ()

1 n "
-5 LA = Fo )] (27a)
J+

1 Xj+1/2,1
't i= A / w(x, "y dx
Xj Xj_1/2,r

n At n n n
=w + 7(%71/2 = i) (Wx);

d n+1/2 n+1/2
- ; L WE D) = Fw R (27b)
1— a(aj_l/2 + aj+1/2) j+1/2.1 i+1/2,

Here, the midpoint values are obtained by the corresponding Taylor expansion

At 1
L2 o
Wit =Wl 5 SO p)s Wi = w4 Ax(wy)] (2 - ‘7“}11/2) (28a)

At 1
12 o p
an+l//2,r =W — o FeWlhan ) Whap, =wh — Ax(w)] (2 - ‘7“;'+1/2) (28b)

Now to obtain the averages over the original, non-staggered cells [x;_i5,X;412], we use
the following piecewise linear reconstruction over the non-uniform cells at /=¢"*!, and we
project its averages back onto the original uniform grid

~ Iy . n+1 1 1
CU(X, " ) T Z{[wjfl/z + (Wx)fjl/z(x o xj+1/2)]1[)5{11/2.1’)‘}11’21] + wjn+ l[xjnfl Z,r’x/+1/2~[]} (29)
J
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Figure 3. Kurganov—Tadmor scheme.

Here, the spatial derivative wy(x;;1/,7"") is approximated by

n+1 _ _ n+l n+l - an+l
(wy )] 2 W7 — Wiy Wi — O (30)
W12 T Ay

Lt+o(a)y,, —al5,) 1 +ola)y,, —af )

Finally, the fully discrete second-order central KT scheme is obtained by averaging the ap-
proximate solution in (27) into the non-staggered cells [x;_1/2,X;41/2]. In this way we obtain

1 Xjt1/2
o Nty g +1 +1
Wi = B/ o(x, 1" )dx=0a;_ 0" ) +[1 = alajy ), + af )]0

Xj—1/2

Ax
+ Gaﬁrl/zwj’fllﬂ + 7[(‘7%{1/2 )2(Wx j’?jll/z - (O'a;lJrl/z )Z(Wx ]"Tll/z] (31)
where the intermediate value, wjf’jll/z, the spatial derivative, (wx)j’,’fll/z, the midvalues, wj@ll/zz’l,
%’njll//Zz,.r are readily obtained from (27a), (30), (28a) and (28b), respectively, by replacing

j—1 in place of j in all the space indices of their RHS terms. A schematic representation of
the KT scheme is given in Figure 3.

The following first-order version of the KT scheme, originally attributed to Rusanov [6], is
obtained from (31) by setting both the slopes, (wx);" and (wy)/, to be zero, as can be seen

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 41:841-861



CENTRAL SCHEMES FOR OPEN CHANNEL FLOW 851

by inspecting (27) and (28),

o g n 1 n n n n n n
W,-"H =w/ — E[f(wfiq) — S+ E[Gaj-H/Z(Wj+1 —w') —oa_ (W' —wl)] (32)

3.3.1. Semi-discrete formulation of KT schemes. If we substitute into the fully discrete
second-order KT central scheme (31) the terms of the cell averages, 0),@11/2» a)jf’“, and if
we note that as At — 0 the midvalues on the right of Equations (28) approach to

" Ax _
W e = W)+ S (0) =i (1) .

172 Ax
W e = Wi (8) = (W) (1) =1 W (1)

We obtain from (31), as Ar— 0, the semi-discrete second-order KT central scheme [6, 13]
d 1 N _ n _
a3 WO =~ 00 (0) + S (05 2(0)) = (S W2 2(0) + F (w2 5(1)))]

1
+ m{ajﬂﬁ(l)["vj:]/z(t) - Wjjﬂ/z(t)] - Qj—l/z(t)[wjtl/z(t) - Wjil/z(t)]} (34)

which can also be written in the following conservative form

d  Hip(t) — Hoip(2)
dr Wil = Ax (35)
with the numerical fluxes given by
T () + fWpn(®) appn(t) _
]—_Ij:I:I/Z(t) — jE1/2 5 jE1/2 Y 12/’2 [M}Jttl/z(t) . Wjil/z(t)] (36)
Here, the intermediate values wjftl ,, are given by Taylor expansions
Ax _ Ax
Wi p(8) = wia(t) — T(Wx)j-&-l(t)a Wiy (1) ==wi(t) + T(Wx)j(t) (37a)

A A
WO = w0 = S0, W (0= () + SE0n) () (37b)

Now, starting from the full discrete first-order KT central scheme (34) and setting Az — 0,
we obtain the corresponding semi-discrete first-order central KT scheme [6],

%Wj(f) = —f(wf“(t)z_Ai(ijl(t))
’ ﬁ[am/z(t)(wj“(t) = wi(1)) — aj—12()(wi(t) — wi—1(1))] (38)
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Semi-discrete schemes are particularly important for solving multidimensional non-linear con-
servation law and convection—diffusion problems. Some difficulties due to the numerical dissi-
pation arise in using small time steps, with NT or LF schemes. When a semi-discrete scheme
is coupled with an effective ordinary differential equation (ODE) solver, it is possible to over-
come the numerical viscosity proportional to the vanishing size of the time step At¢, but,
unfortunately, NT and LF schemes do not admit a semi-discrete form.

3.3.2. Extension of the KT scheme to the non-homogeneous case. A possible extension to
the semi-discrete KT central scheme when a source term is present reads

%Wi(f) = — @+1/2(I)A_x]#’1/2(t) +G(1) (39)

where, assuming for the forcing term z a linear behaviour in terms of x inside the integration
intervals, we obtain,

G(1)= 5~ [ [ st [ 2wy ax

Xj+1/2,1

Yj—1/2,r
1 n n n n
~ s O + 200 DAY + O ) + 200, ) Axan] (40)

here, the midpoint values are obtained from the corresponding Taylor expansions

At
+172
W/'nil//z,r =W, — 7[.fv(wﬂt1/2,r) —z(Wik 1y, (41a)
At
+172
le;l//z,l =Whip — j[fx(Wﬁu/z,z) —z(Wiy)00)] (41b)

Now, by setting At — 0, from (41) and (22b), we obtain

n+1/2 _ 4 n+1/2 _ -
Wit1j2,r = j+1/2(t)’ Wit1)2,0 = j+l/2(t)

In this way, the discretization of the source term (40) becomes
1 _ _
G(1) = R[G5 () + 20071 2(DDAY; + (20071 2(0) + 208 s (DX 2] (42)

3.3.3. Time integration of KT scheme. The integration in time of the set of ODE of the
homogeneous and non-homogeneous semi-discrete second-order KT central schemes (35),
and (39) represented as

dw
TR, (43)

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 41:841-861
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was performed by means of the following third-order TVD Runge—Kutta method, proposed
by Shu and Osher [14],

wo = w"

Wi =Wwo + Af/(WQ)

3 1 1
wz:Zwo—l—Zw]—i—ZAt/(wl) (44)
1 2 2
W3:§W0+§W2+§At/(W2)
W”+1:W3

Here, w" stands for the variable vector evaluated at the time ¢ = nAt.

In the following numerical tests we have indicated by KT3 the semi-discrete KT central
scheme, which uses for integration in time the third-order Runge—Kutta method of Shu and
Osher, by NT the second-order Nessyahu and Tadmor scheme, and by LF the first-order Lax
and Friedrichs scheme.

4. NUMERICAL APPLICATIONS

Dam-break and hydraulic jump phenomena, in idealized and real cases, have been simu-
lated by using the above outlined LF, NT, and KT3 numerical schemes. We used for all
tests a Courant number, Cr = max |4;|At/Ax=0.9. The results of the numerical tests with
Cr=0.5 have not pointed out relevant differences between NT and KT3 schemes, whereas,
LF scheme gave slight dissipative solutions. We have assumed 0=1.4 as the optimal value
to be used in (16) for the evaluation of the numerical derivatives in the NT scheme. It
must be noted that § =2 corresponds to the least dissipative condition, whereas, § =1 corre-
sponds to the most dissipative condition, which allows to avoid oscillations in the numerical
solutions.

4.1. Idealized dam-break problem

In these tests we compare the analytical solutions with the numerical results obtained by the
LF, NT, and KT3 schemes for an idealized dam-break problem for a rectangular, horizontal,
and frictionless channel of length L =1000 m. At the middle length of this channel there is
initially located a dam. We indicate the water depth upstream and downstream of this dam,
respectively, by &, =h(x,0) for x<500 m, and /g =h(x,0) for x>500 m. In the first set of
the tests we used 4, =10 m and %3=0.1 m (depth ratio s,/hq =100) and, for the second
set, ng =0 (depth ratio A,/hq =o00). For all the tests we assumed u(x,0)=0. For boundary
conditions we assumed u(0,¢)=u(L,t)=0.

At time =0, the dam is supposed to fully collapse instantaneously. In Figures 4—6 the
results (depth and velocity) of the numerical simulations with LF, NT and KT3 schemes,
for hy/hg =100 and grid points N =1000 are compared with the analytical solution [15] at
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Figure 4. Depth ratio 4,/hq = 100. Water profile (a) and velocity (b), for LF scheme, at t=25s.
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Figure 5. Depth ratio Ay/hg = 100. Water profile (a) and velocity (b) for NT scheme, at t =25s.

t =25s. Analogously, the results of the simulations, for 4,/hq =00 and N =1000, at t=15s,
are shown in Figures 7-9.

For evaluating the goodness of the approximation of the various schemes, the L,-relative
error

1
n__ peyN272
= [BEET g

was used. Here, 2" and h¢ are the simulated and the exact depth, respectively. Analogous
evaluation parameter ¢, was used for evaluating the goodness of the velocity. The numerical

(45)
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. Depth ratio %u/hq =100. Water profile (a) and velocity (b) for KT3 scheme, at t=25s.
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Figure 7. Depth ratio Ay/hg =oco. Water profile (a) and velocity (b) for LF scheme, at

t=15s (uSy =19.220 m/s, usl, =14.981 m/s).

values obtained by the different models, in terms of the number of grid points N, used for
the simulations, are summarized in Tables I and II.

From these tables we can see that the values of the 0, and J, errors, as function of the
number of grid points N, are very similar for the NT and KT3 schemes, whereas, those
obtained by the LF scheme are greater than those obtained by the NT and KT3 schemes.

4.2. Dam-break experiment

In this test, we compare the laboratory dam-break experimental results of the Waterway Ex-
periment Station (W.E.S.), U.S. Army Corps of Engineers [16], with the numerical simulations

Copyright © 2003 John Wiley & Sons, Ltd.
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Figure 8. Depth ratio hy/hg =oc. Water profile (a) and velocity (b) for NT scheme, at
t=15s (uy =19.220 m/s, uhi, =18.601 m/s).
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Figure 9. Depth ratio Ay/hg = co. Water profile (a) and velocity (b) for KT3 scheme, at
t=15s (S, =19.220 m/s, uXrs =19.349 m/s).

obtained by LF, NT and KT3 schemes. The tests refer to a rectangular channel, 122m long and
1.22 m wide, with bottom slope Sy =0.005 and a Manning coefficient 7, =0.0085 (m~'?3s).
The water depth upstream of the dam, placed at the middle length, is 0.305m and the down-
stream is zero. The grid size Ax is 0.5 m. Figures 10 show the measured and the simulated
water profiles along the centreline of the flume at =10 (a), 20 (b), and 30s (c), respectively.
The hydrographs for the section at x=48.8 (a), 61.0 (b), 68.5 (c¢), 70.1 (d) and 87.0 m (e),
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Table 1. Depth ratio hy/hq =100: J;, and J,, at t =25s, in term of N, for the various schemes.

N LF NT KT3
On

250 4.402141 1.118037 9.7900E-1
500 3.441963 6.5036E-1 6.0018E-1
1000 2.589958 3.4073E-1 3.5410E-1
2000 2.016159 2.1675E-1 2.7500E-1
4000 1.582103 2.0940E-1 1.6879E-1
8000 1.210521 1.1429E-1 1.1474E-1
dv

250 15.068930 5.400775 6.043134

500 15.684550 4.141970 4.219201
1000 13.727794 3.693018 3.358874
2000 12.121000 2.709816 3.443914
4000 10.293944 1.371508 1.595128
8000 8.223022 1.093976 1.589934

Table II. Depth ratio Au/hg =oco: J; and J,, at t=15s, in term of N, for the various schemes.

N LF NT KT3
6/1

250 3.400637 8.2128E-1 8.3571E-1

500 2.317644 4.1782E-1 4.2727E-1
1000 1.541604 2.0874E-1 2.1734E-1
2000 1.003548 1.0224E-1 1.1014E-1
4000 6.4198E-1 4.9248E-2 5.5776E-2
8000 4.0512E-1 2.3833E-2 2.8261E-2
Jo

250 45.252220 23.38548 20.57145

500 46.863830 27.32224 23.63476
1000 46.692930 25.69966 18.62127
2000 45.482330 21.72660 13.30657
4000 42.420654 16.38841 8.67526
8000 38.681823 11.32689 5.57758

respectively, are shown in Figures 11. These tests show good agreement between experimental
and simulated results, also if the better comparison with the experimental data is obtained by
the NT and KT3 schemes.

4.3. Hydraulic jump problem

In these tests the hydraulic jump is simulated. The results of these simulations, obtained by

LF, NT, and KT3 schemes, are compared with the laboratory experiments on a rectangular
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Figure 10. Water surface profiles at r =10 (a), 20 (b) and 30s (c).

channel, width B=0.46m and length L = 14m, with bed slope Sy =0 and Manning’s roughness
coefficient n,, =0.008 (m~'3s) [17]. The space interval Ax=0.1 m was used.

In the first test, with a Froude number Fr =4.23, the following initial and boundary condi-
tions were used: u(x,0)=2.737m/s, h(x,0)=0.043m, and A(0,¢)=0.043m, u(L,t)=0.530m/s.
The steady-state water profiles for the three methods, reached at time of about =150, with
h(L,150)=0.222 m, are shown in Figure 12.

In the second test, with Fr=6.65, we have used the following initial and boundary con-
ditions: u(0,x)=3.255m/s, h(x,0)=0.024 m, and A(0,#)=0.024 m, u(L,t)=0.401 m/s. The
steady-state water profiles of these simulations, with 4(L,7)=0.195m, are shown in Figure 13.
From the results shown in Figures 11 and 12, we can observe an acceptable similarity between
experimental and simulated results.

5. CONCLUSIONS

The results obtained by using LF, NT and KT3 central schemes, to integrate the Saint-Venant

equations for modelling dam-break and jump phenomena in open-channel flow, lead to the
following conclusions:

1. The presented approximated extension of the NT and KT methods to the non-
homogeneous case seems to have not reduced the accuracy obtained by these meth-
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Figure 11. Hydrographs at points: x =48.8 (a), 61.0 (b), 68.5 (¢) 70.1 (d) and 87.0 m (e).

ods in the homogeneous cases. However it can be seen, by comparing the results of the
idealized dam-break problem with the other test cases presented.

2. The NT and KT central schemes may be used for accurately modelling shock phe-
nomena in open-channel flow governed by the non-linear set of homogeneous and non-
homogeneous hyperbolic Saint-Venant equations.

3. The results obtained by the second-order NT scheme and the third-order in time KT3
scheme are comparable, whereas, as expected, the LF scheme gives slight dissipative
solutions.
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Figure 13. Hydraulic jump for Fr =6.65.

4. Further experimentation of these methods in engineering problems may be necessary
in solving two-dimensional overland flow and non-linear convention—diffusion transport
problems.
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